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Abstract. Let f: C ~ E be a non-constant rational map between curves over a finite field, 
where E is elliptic. We estimate the number of rational points of C whose image under f 
generate the group of rational points of E. 

The Result 

A classical conjecture of Artin (see the introduction to [1]) states that given a E Q, 

a ~ 0,1, a not a square, then a is a primitive root for infinitely many primes 

and, in fact, for a positive proportion of the primes. This conjecture of Artin was 

transposed to the context of elliptic curves by Lang and Trotter [8] as follows: 

if E/Q is an elliptic curve with no Q-torsion and P E E(Q),  P ~ O then, for 

a positive proportion of primes p, P (rood p) generates the group of ~'p-rational 

points of E (rood p). 

Artin's conjecture was shown to follow from the generalized Riemann hy- 

pothesis by Hooley [7]. (Recent unconditional results were obtained by Gupta 

and Murty and Heath-Brown, see [4], [6].) Lang-Trotter's conjecture was also 

shown to follow from the generalized Riemann hypothesis, in the case that E has 

complex multiplication, by Gupta and Murty [5]. 

All these conjectures have natural analogues for function fields over finite 

fields. Since the Riemann hypothesis is known in this context (Weil [11]) one 

would expect unconditional results. For Artin's conjecture, indeed, Bilharz [2] had 

proved the analogue of Hooley's result before Weil proved the Riemann hypothesis 

for function fields. The purpose of this note is to give a proof of the analogue 

of Lang-Trotter's conjecture for constant elliptic curves over function fields. The 
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non-constant case seems much more difficult and we are not able to say anything 

about it at present. One of  the difficulties is similar to that encountered by Gupta 

and Murty [5] in the non-CM case in characteristic zero. 

We shall formulate our result in a more geometric way, one reason for it is 

explained in the remark at the end. 

Let Fq be the finite field with q elements and characteristic p. 

Theorem.  Let E/Fq be an elliptic curve with E(Fq) cyclic and put N = 

#E(Fq) .  I f  C/Fq is an algebraic curve o f  genus g and f:  C ~ E is a 

rational map defined over Fq which does not factor as C ~ E' ~ E, for  any 

elliptic curve E' then, given any 6 > O, 

# { P  �9 c(Fq)  I (/(P)> -- = + 

Proof .  For each s define an elliptic curve El/~ q as follows: 

(i) l ---- p. Let E l  be the image of  the l~p - Frobenius. 

(ii) gl(q - 1). Let Fl  be the subgroup of  E(rq) of order s and E l  = E/P l .  

(iii) g ~ p. g t (q - 1). Consider the l~q-Frobenius F,acting on E[g], the g- 

torsion of E,  as an element of GLz(Z/eZ). As eJN, F has 1 as eigenvalue 

and therefore it has eigenvalues in ~'l. The characteristic polynomial of 

F is t ~ - at + q, a = q + 1 - N and since e t (q - 1), e ~ p one 

sees that the other eigenvalue is different from 0 and 1. Hence there 

exists a subgroup r l  c E[g], # P l  = g, defined over l~q, but with Pe not 

contained in  E(Fq). Let Ee = E/Pe. 

Let A6 El  ~ E be the dual isogeny of the isogeny ~o~: E ~ Ee which is 

given in the construction of Et. Then At: E l  ~ E is of degree s defined over Fq. 

Moreover, as we proceed to show, Al(Ee(Fq))  = s As El is isogenous 

to E, ~El (Fq)  = N,  so it suffices to show that ker l l  C_ El(Fq). This is clear 

in case (i). 

In case (ii) it follows from [3], Lemma 8.4. 

In case (iii), the dual isogeny ~e: E ~ El is injective in E(Fq), by construc- 

tion and ~ t  o Al is multiplication by g, which is not injective, hence 

ker AI c Ee(Fq), as desired. 

By taking the compositum of the El  we can define, for any 
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squarefree diN, an elliptic c u r v e  Ed/~ q wihtl all isogeny la:  Ed ~ E of de- 

gree d satisfying )kd(Ed(rq) ) = dE(Fq). 

Define for any squarefree diN, the curve Ca, compositum of C and Ed. 
As C --* E was assumed not to factor, it follows that Ca is of degree d over 

C. It is clear that P E C(l~q) satisfies d I [E(Fq): ( f (P) ) ]  if and only if 

f(P) E dE(Fq). This latter assertion is equivalent to P belong to the image of 

Cd(Fq). Moreover, any point in the image of Cd(Fq) is the image of precisely 

d points. It follows that 

M = # { P  E C(Fq) I E(Fq) = (.f(P))} = ~-~g(d)#Ca(rq)/d. 
d i n  

To estimate the cardinality of Ca(Fq) we use Weil's theorem [11], and for 

that we need to bound the genus of Ca. As Ca ~ C is unramified it follows 

from Hurwitz's formula that the genus of Ca is at most dg. Hence 

M=qff~#(d)/d+O(~l#(d)'gql/2)dIN ,dl N 

= q - - ~  + O,(gql/2N'). 

As, by Weil's theorem, N = q + o(ql/2), we finally get M = ~ ( N )  + 

O,(gql/2+'), as desired. 

Remark .  To really rephrase the Theorem on a version closer to Lang-Trotter's 

original conjecture one would have to describe the set S = {n E NIE(Fqn ) 

cyclic}. This seems a difficult question in general. When E is supersingular S 

can be described as follows (see e.g., [9] lemma 4.8 and Theorem 4.2). Assume 

(q, 6) = 1, 

(i) I f N = q + 1 4 - 2 q l / 2 t h e n S = r  

(ii) If N = q + 1 4- qt/2 then S = {n E N, n ~ 0(3)}. 

(iii) If N = q +  1 then S = ~b if E[2] ___ E(Fq) or S = {n E N, n ~ 0(2)}, 

otherwise. 

In the ordinary case we don't know whether S is infinite, when non-empty, 

but this seems very likely. All we can say is that there are plenty of ordinary 
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elliptic curves with cyclic group of rational points, as follows from Lemma 1 of 

[10]. 
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